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COMPANION FORMS IN PARALLEL WEIGHT ONE
TOBY GEE AND PAYMAN KASSAEI
Abstract. Let p > 2 be prime, and let F be a totally real field in which p is
unramified. We give a sufficient criterion for a mod p Galois representation to
arise from a mod p Hilbert modular form of parallel weight one, by proving a
“companion forms” theorem in this case. The techniques used are a mixture
of modularity lifting theorems and geometric methods. As an application, we
show that Serre’s conjecture for F implies Artin’s conjecture for totally odd
two-dimensional representations over F .
1. Introduction
The weight part of Serre’s conjecture has been much-studied over the last two
decades, and while the original problem has been resolved, a great deal remains to
be proved in more general settings. In the present paper we address the question
of the weight part of Serre’s conjecture for totally real fields. Here one has the
Buzzard–Diamond–Jarvis conjecture [BDJ10] and its various generalisations, much
of which has now been established (cf. [Gee11b], [BLGG11]). One case that has
not (so far as we are aware) been considered at all over totally real fields is the
case of forms of (partial) weight one. This case is markedly different to the case
of higher weights, for the simple reason that mod p modular forms of weight one
cannot necessarily be lifted to characteristic zero modular forms of weight one;
as the methods of [Gee11b] and [BLGG11] are centered around modularity lifting
theorems, and in particular depend on the use of lifts to characteristic zero modular
forms, they cannot immediately say anything about the weight one case.
In this paper we generalise a result of Gross [Gro90], and prove a companion
forms theorem for Hilbert modular forms of parallel weight one in the unramified
p-distinguished case. To explain what this means, and how it (mostly) resolves the
weight one part of Serre’s conjecture for totally real fields, we return to the case of
classical modular forms. Serre’s original formulation [Ser87] of his conjecture only
considered mod p modular forms which lift to characteristic zero, and in particular
ignored the weight one case. However, Serre later observed that one could further
refine his conjecture by using Katz’s definition [Kat73] of mod p modular forms,
and thus include weight one forms. He then conjectured that a modular Galois
representation should arise from a weight one form (of level prime to p) if and only
if the Galois representation is unramified at p. The harder direction is to prove that
the Galois representation being unramified implies that there is a weight one form;
this was proved by Gross [Gro90], under the further hypothesis that the eigenvalues
of a Frobenius element at p are distinct (i.e. we are in the p-distinguished case). It
is this result that we generalise in this paper, proving the following theorem.
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Theorem A. Let p > 2 be prime, let F be a totally real field in which p is un-
ramified, and let ρ : GF → GL2(Fp) be an irreducible modular representation such
that ρ|GF (ζp) is irreducible. If p = 3 (respectively p = 5), assume further that the
projective image of ρ(GF (ζp)) is not conjugate to PSL2(F3) (respectively PSL2(F5)
or PGL2(F5)).
Suppose that for each place v|p, ρ|GFv is unramified, and that the eigenvalues of
ρ(Frobv) are distinct.
Then there is a mod p Hilbert modular form f of parallel weight 1 and level prime
to p such that ρf
∼= ρ.
(See Theorem 3.1.1, and see the body of the paper for any unfamiliar notation
or terminology.) The condition on ρ|GF(ζp) is mild, and the only other hypothesis
which is not expected to be necessary (other than that p is unramified in F , which
we assume for our geometric arguments) is that the eigenvalues of ρ(Frobv) are
distinct for all v|p. This condition appears to be essential to our method, as we
explain below.
Our method of proof is a combination of modularity lifting theorem techniques
and geometric methods.
The first part of the argument, using modularity lifting theorems to produce
Hilbert modular forms of parallel weight p, was carried out in [Gee07] under some
additional hypotheses (in particular, it was assumed that ρ arose from an ordinary
Hilbert modular form), and in Section 2 below we use the techniques of [BLGGT10]
(which involve the use of automorphy lifting theorems for rank 4 unitary groups)
to remove these hypotheses. This gives us 2n Hilbert modular forms of parallel
weight p and level prime to p, where there are n places of F above p, corresponding
to the different possible choices of Frobenius eigenvalues at places above p. In
Section 3 we take a suitable linear combination of these forms, and show that it is
divisible by the Hasse invariant of parallel weight p−1, by explicitly calculating the
p-th power of the quotient. It is easy to show that the quotient is the sought-after
Hilbert modular form of parallel weight one. If we do not assume that ρ has distinct
Frobenius eigenvalues at each place dividing p, the weight one form we obtain in
this manner is actually zero.
In Section 4 we give an application of our main theorem to Artin’s conjecture,
generalising the results (and arguments) of [Kha97] to prove the following result,
which shows that the weak form of Serre’s conjecture for totally real fields implies
the strong form of Artin’s conjecture for totally odd two-dimensional representa-
tions.
Theorem B. Let F be a totally real field. Assume that every irreducible, continu-
ous and totally odd representation ρ : GF → GL2(Fp) is modular, for every prime p.
Then every irreducible, continuous and totally odd representation ρ : GF → GL2(C)
is modular.
(See Theorem 4.1.3.) Finally, we remark that it is possible that our results can
be applied to Artin’s conjecture more directly (that is, without assuming Serre’s
conjecture), as an input to modularity lifting theorems in parallel weight one; see
the forthcoming work of Calegari–Geraghty for some results in this direction. Ad-
ditionally, it would be of interest to generalise our results to forms of partial weight
one; the geometric techniques we use in this paper amount to determining the in-
tersection of the kernels of the Θ-operators of [AG05], and it is possible that a
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determination of the kernels of the individual Θ-operators could shed some light on
this.
We are grateful to Shu Sasaki for suggesting that our results could be used to
generalise the arguments of [Kha97] to totally real fields. We are also grateful to
Kevin Buzzard for several helpful conversations, and to Frank Calegari for asking
a question which led to our writing this paper.
1.1. Notation. If M is a field, we let M denote an algebraic closure of M , and
we let GM := Gal (M/M) denote its absolute Galois group. Let p be a prime
number, and let ε denote the p-adic cyclotomic character; our choice of convention
for Hodge–Tate weights is that ε has all Hodge–Tate weights equal to 1. Let F be
a totally real field and f a cuspidal Hilbert modular eigenform of parallel weight
k. If v is a finite place of F which is coprime to the level of f , then we have, in
particular, the usual Hecke operator Tv corresponding to the double coset
GL2(OFv )
(
̟v 0
0 1
)
GL2(OFv ),
where ̟v is a uniformiser of OFv , the ring of integers of Fv.
There is a Galois representation ρf : GF → GL2(Qp) associated to f ; we adopt
the convention that if v ∤ p is as above, and Frobv is an arithmetic Frobenius
element of GFv then tr ρf (Frobv) is the Tv-eigenvalue of f , so that in particular the
determinant of ρf is a finite order character times ε
k−1.
We say that ρ : GF → GL2(Fp) is modular if it arises as the reduction mod p of
the Galois representation ρf : GF → GL2(Qp) for some f .
2. Modularity lifting in weight p
2.1. In this section we apply the modularity lifting techniques first used in [Gee07]
to produce companion forms in (parallel) weight p. We make use of the techniques
of [BLGGT10] in order to weaken the hypotheses (for example, to avoid the neces-
sity of an assumption of ordinarity). In this section, we do not assume that p is
unramified in F . Note that the definition of a mod p modular form is recalled in
Section 3 below.
Theorem 2.1.1. Let p > 2 be prime, let F be a totally real field, and let ρ : GF →
GL2(Fp) be an irreducible modular representation such that ρ|GF (ζp) is irreducible.
If p = 3 (respectively p = 5), assume further that the projective image of ρ(GF (ζp))
is not conjugate to PSL2(F3) (respectively PSL2(F5) or PGL2(F5)).
Suppose that for each place v|p, ρ|GFv is unramified, and in fact suppose that
ρ|GFv
∼=
(
λα1,v 0
0 λα2,v
)
where λx is the unramified character sending an arithmetic Frobenius element to
x. For each place v|p, let γv be a choice of one of α1,v, α2,v. Let N be an integer
coprime to p and divisible by the Artin conductor of ρ. Then there is a mod p
Hilbert modular eigenform f of parallel weight p such that:
• f has level Γ1(N); in particular, f has level prime to p.
• ρf
∼= ρ.
• Tvf = γvf for each place v|p.
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Proof. It suffices to prove that there is a (characteristic zero) Hilbert modular
eigenform F of parallel weight p such that F has level N , the Galois representation
ρF associated to F satisfies ρF
∼= ρ, and for each place v|p we have TvF = γ˜vF
for some lift γ˜v of γv. (We remark that in the argument below, we will feel free to
let γ˜v denote any lift of γv, rather than a fixed lift.) By local-global compatibility
at places dividing p (cf. Theorem 4.3 of [Kis08]), it is enough to find a lift ρ of ρ
which is automorphic, which is minimally ramified outside p, and has the further
property that for each place v|p we have
ρ|GFv
∼=
(
εp−1λxv ∗
0 λγ˜v
)
for some xv and some γ˜v (such a representation is automatically crystalline with
Hodge–Tate weights 0, p − 1 at each place v|p and thus corresponds to a Hilbert
modular form of parallel weight p and level prime to p).
The existence of such a representation r is a straightforward application of the
results of [BLGG11], as we now explain. This argument is very similar to the
proof of Proposition 6.1.3 of [BLGG12]. Firstly, choose a quadratic imaginary
CM extension F1/F which splits at all places dividing p and all places where ρ is
ramified, and which is linearly disjoint from F
ker ρ
(ζp) over F . Let S denote a finite
set of places of F , consisting of the infinite places, and the union of set of places
of F at which ρ is ramified and the places which divide p. From now on we will
consider ρ as a representation of GF,S , the Galois group of the maximal extension
of F unramified outside of S. Let χ be the Teichmu¨ller lift of ε1−p det ρ.
Fix a finite extension E/Qp with ring of integers O and residue field F such that
ρ is valued in GL2(F). For each finite place v of F , let R
χ
GFv
denote the universal
O-lifting ring for lifts of ρ|GFv of determinant χε
p−1. By (for example) Lemma 3.1.8
of [GG12], for each place v|p of F there is a quotient Rχ,γGFv of R
χ
GFv
whose Qp-points
correspond precisely to those lifts of ρ|GFv which are conjugate to a representation
of the form (
εp−1χ/λγ˜v ∗
0 λγ˜v
)
for some γ˜v lifting γv. For each finite place v ∈ S with v ∤ p, let R
χ
GFv
be a quotient
of RχGFv corresponding to an irreducible component of RGFv [1/p], the points of
which correspond to lifts of ρ|GFv with the same Artin conductor as ρ|GFv . Let
Rχ,γ denote the universal deformation ring for deformations of ρ of determinant
χεp−1, which have the additional property that for each place v|p, the deformation
corresponds to a point of Rχ,γGFv , and for each finite place v ∈ S, v ∤ p, it corresponds
to a point of R
χ
GFv
. In order to construct the representation r that we seek, it is
enough to find a Qp-point of R
χ,γ that is automorphic. We will do this by showing
that Rχ,γ is a finite O-algebra of dimension at least one (so that it has Qp-points),
and that all its Qp-points are automorphic.
We can and do extend ρ|GF1 to a representation ρ : GF → G2(F), where G2 is the
group scheme introduced in Section 2.1 of [CHT08] (cf. Section 3.1.1 of [BLGG12]).
In the notation of Section 2.3 of [CHT08], we let S˜ be a set of places of F1 consisting
of exactly one place v˜ above each place v of S, and we let S denote the deformation
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problem
(F1/F, S, S˜,O, ρ, ε
p−1χ, {R
χ
GF1,v˜
}v∈S,v∤p, {R
χ,γ
GF1,v˜
}v|p).
Let RS denote the corresponding universal deformation ring. Exactly as in section
7.4 of [GG12], the process of “restriction to GF1 and extension to G2” makes R
χ,γ
a finite RS -module in a natural way. By Proposition 3.1.4 of [Gee11a] we have
dimRχ,γ ≥ 1, so that (by cyclic base change for GL2) it suffices to show that RS
is finite over O, and that all its Qp-points are automorphic.
By Proposition A.2.1 of [BLGG11] and our assumptions on ρ|GF (ζp) , ρ(GF (ζp)) is
adequate in the sense of [Tho10]. By Theorems 7.1 and 10.1 of [Tho10], it is enough
to check that RS has an automorphic Qp-point. We claim that we can do this by
applying Theorem A.4.1 of [BLGG11] to ρ. The only hypotheses of loc. cit. that
are not obviously satisfied are those pertaining to potential diagonalizability. By
Lemma 3.1.1 of [BLGG11], we may choose a finite solvable extension F ′/F of CM
fields which is linearly disjoint from F
ker ρ
(ζp), such that ρ|GF ′ has an automorphic
lift which is potentially diagonalizable at all places dividing p. All Qp-points of each
Rχ,γGFv are potentially diagonalizable by Lemma 1.4.3 of [BLGGT10], so Theorem
A.4.1 of [BLGG11] produces aQp-point ofRS which is automorphic upon restriction
to GF ′ . Since F
′/F is solvable, the result follows by solvable base change (Lemma
1.4 of [BLGHT11]). 
3. Weight one forms
3.1. Let p > 2 be a prime number. Let F/Q be a totally real field of degree d > 1,
OF its ring of integers, and dF its different ideal. Let S = {v|p} be the set of all
primes lying above p. We assume that p is unramified in F . Let N > 3 be an
integer prime to p.
In this section we make our geometric arguments. We begin by recalling some
standard definitions. Let K be a finite extension of Qp (which we will assume to
be sufficiently large without further comment), and let OK , κ denote, respectively,
its ring of integers and its residue field. Let X/OK be the Hilbert modular scheme
representing the functor which associates to anOK-scheme S, the set of all polarized
abelian schemes with real multiplication and Γ00(N)-structure A/S = (A/S, ι, λ, α)
as follows:
• A is an abelian scheme of relative dimension d over S;
• the real multiplication ι : OF →֒ EndS(A) is a ring homomorphism endow-
ing A with an action of OF ;
• the map λ is a polarization as in [DP94];
• α is a rigid Γ1(N)-level structure, that is, α : µN ⊗Z d
−1
F → A, an OF -
equivariant closed immersion of group schemes.
Let XK/K, X/κ respectively denote the generic and the special fibres of X . Let
X˜ denote a toroidal compactification of X . Similarly, we define X˜K and X˜.
Let Y be the scheme representing the functor which associates to an OK-scheme
S, the set of all (A/S,C) = (A/S, ι, λ, α, C), where (A/S, ι, λ, α) is as above, and
C is an OF -invariant isotropic finite flat subgroup scheme of A[p] of order p
g.
Let Y˜ denote a toroidal compactification of Y obtained using the same choices of
polyhedral decompositions as for X . We introduce the notation YK , Y , Y˜K , Y˜ in
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the same way as we did for X . The ordinary locus in X is denoted by X
ord
. It is
Zariski dense in X.
There are two finite flat maps
π1, π2 : Y˜ → X˜,
where π1 forgets the subgroup C, and π2 quotients out by C. We define the Atkin–
Lehner involution w : Y˜ → Y˜ to be the map which sends (A,C) to (A/C,A[p]/C);
it is an automorphism of Y˜ . We have π2 = π1 ◦ w. We also define the Frobenius
section s : X˜ → Y˜ which sends A to (A,Ker(FrobA)). Our convention is to use the
same notation to denote maps between the various versions of X,Y .
Let ǫ : Auniv → X be the universal abelian scheme. Let
Ω = ǫ∗Ω
1
Auniv/X
be the Hodge bundle on X . Since p is assumed unramified in F , Ω is a locally
free (OF ⊗Z OX)-module of rank one. We define ω = ∧
dΩ. The sheaf ω naturally
extends to X˜ as an invertible sheaf. Let ǫ′ : Buniv → Y be the universal abelian
scheme over Y with the designated subgroup C. We have
π∗1ω = ∧
dǫ∗Ω
1
Buniv/Y ,
π∗2ω = ∧
dǫ∗Ω
1
(Buniv/C)/Y .
Let
pr∗ : π∗1ω → π
∗
2ω
denote the pullback under the natural projection pr : Buniv → Buniv/C. We will
often denote π∗1ω by ω.
Let R be an OK-algebra. A (geometric) Hilbert modular form of parallel weight
k ∈ Z and level Γ1(N) defined over R is a section of ω
k over X ⊗OK R. Every such
section extends to X˜⊗OK R by the Koecher principle. We denote the space of such
forms by Mk(Γ1(N), R), and the subspace of cuspforms (those sections vanishing
on the cuspidal locus) by Sk(Γ1(N), R). If R is a κ-algebra, then elements of
Mk(Γ1(N), R) are referred to as mod p Hilbert modular forms. Every such form is
a section of ωk over X ⊗κ R, and extends automatically to X˜ ⊗κ R.
Given any fractional ideal a of OF , let Xa denote the subscheme of X where the
polarization module of the abelian scheme is isomorphic to (a, a+) as a module with
notion of positivity. Then Xa is a connected component of X , and every connected
component of X is of the form Xa for some a. The same statement is true for Ya,
Y . Let
Taa = (Gm⊗d
−1
F )/q
a
−1
denote a cusp on Xa, where underline indicates the inclusion of standard PEL
structure. Pick c ∈ p−1a−1 − a−1. Then
Taa,c = (Taa, <q
c>)
is a cusp on Ya, where <q
c> denotes the OF -submodule of Taa[p] generated by q
c.
We now prove our main result, the following theorem.
Theorem 3.1.1. Let p > 2 be a prime which is unramified in F , a totally real field.
Let ρ : GF → GL2(Fp) be an irreducible modular representation such that ρ|GF (ζp)
is irreducible. If p = 3 (respectively p = 5), assume further that the projective image
of ρ(GF (ζp)) is not conjugate to PSL2(F3) (respectively PSL2(F5) or PGL2(F5)).
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Suppose that for each prime v|p, ρ|GFv is unramified, and that the eigenvalues
of ρ(Frobv) are distinct.
Then there is a mod p Hilbert modular form h of parallel weight 1 and level prime
to p such that ρh
∼= ρ. Furthermore, h can be chosen to have level bounded in terms
of the Artin conductor of ρ.
Proof. For each v ∈ S, let the eigenvalues of ρ(Frobv) be γv,1 6= γv,2. Let N denote
the Artin conductor of ρ, and N > 3 an integer prime to p and divisible by N. By
Theorem 2.1.1, we see that for each subset I ⊂ S, there is a mod p Hilbert modular
eigenform fI of weight p and level Γ1(N) such that ρfI
∼= ρ, and for each prime
v ∈ S, we have Tvf = γv,1f if v ∈ I, and Tvf = γv,2f , otherwise. Since ρfI
∼= ρ, we
see that for each prime l ∤ Np of F , the fI are eigenvectors for Tl with eigenvalues
λl which are independent of I. By a standard argument, using Proposition 2.3 of
[Shi78], we can furthermore assume (at the possible cost of passing to forms of level
N2) that for each prime l|N , we have TlfI = 0 for all I.
We can and do assume that each fI is normalised, in the sense that (in the
notation of [Shi78]) c(OF , fI) = 1. For any I ⊂ S, let γI = Πv∈Iγv,1Πv 6∈Iγv,2; this
is the Tp-eigenvalue of fI . Set
f =
∑
I⊂S
(−1)|I|γIfI ,
g =
∑
I⊂S
(−1)|I|fI .
We begin with a Lemma.
Lemma 3.1.2. The section π∗1f − pr
∗π∗2g of ω
p on Y˜ has q-expansion divisible by
p at every cusp of the form Taa,c.
Proof. We let η denote a generator of the sheaf ω on the base of Taa or Taa,c. We
first remark that by [Shi78, (2.23)], if h is a normalized Hilbert modular eigenform
of parallel weight k, and h(Taa) =
∑
ξ∈(a−1)+ cξq
ξηk, then cξ = c(ξa, h) is the
eigenvalue of the Tξa operator on h, for all ξ ∈ (a
−1)+.
Write f(Taa) =
∑
ξ∈(a−1)+ aξ(a)q
ξηp and g(Taa) =
∑
ξ∈(a−1)+ bξ(a)q
ξηp. We
have:
π∗1f(Taa,c) = f(Taa) =
∑
ξ∈(a−1)+
aξ(a)q
ξηp,
pr∗π∗2g(Taa,c) = pr
∗g(Tapa) =
∑
ξ∈p−1(a−1)+
bξ(pa)q
ξηp.
It is therefore enough to show that bξ(pa) = 0 if ξ ∈ p
−1(a−1)+ − (a−1)+, and that
aξ(a) ≡ bξ(pa) mod p for ξ ∈ (a
−1)+.
For the first statement, let v ∈ S be such that v does not divide ξpa. Then we
can write
bξ(pa) =
∑
I⊂S
(−1)|I|c(ξpa, fI) =
∑
v 6∈I
(−1)|I|c(ξpa, fI)−
∑
v∈I
(−1)|I|c(ξpa, fI) = 0,
using c(ξpa, fI) = c(ξpa, fI∪{v}), since v does not divide ξpa.
For the second statement, note firstly that for ξ ∈ (a−1)+ we can write
bξ(pa) =
∑
I⊂S
(−1)|I|c(ξpa, fI),
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aξ(a) =
∑
I⊂S
(−1)|I|γIc(ξa, fI).
Now, if h is a Hilbert modular eigenform, then for any integral ideal m of OF , we
have c(pm, h) ≡ c((p), h)c(m, h) mod p. Since for any I ⊂ S, we have c((p), fI) = γI ,
the result follows. 
For any section h ∈ H0(X˜, ωk), we denote its image in H0(X˜, ωk) by h¯.
Corollary 3.1.3. We have the following equality of sections of ωp on X˜:
s∗π∗2 f¯ = s
∗w∗pr∗π∗2 g¯.
Proof. Reducing the equation in Lemma 3.1.2 mod p, we obtain an equality of
sections on every irreducible component of Y˜ which contains the reduction of a
cusp of the form Taa,c. These are exactly the irreducible components of ws(X˜),
since w(Taa,c) = (Tapa, <ζ>) = s(Tapa) (where <ζ> is the OF -module generated
by a p-th root of unity ζ). Pulling back under w ◦ s, we obtain the desired equality
on X˜. 
For any scheme Z over κ, let Fr : Z → Z(p) denote the relative Frobenius mor-
phism. Since X˜ has a model over Fp, we have X˜
(p)
= X˜ . For any non-negative
integer k, we define a morphism
V : H0(X˜, ωk)→ H0(X˜, ωkp)
as follows: choose a trivialization {(Ui, ηi)} for ω on X˜. Let f ∈ H
0(X˜, ωk) be
given by fiη
k
i on Ui. Then, there is a unique section V (f) in H
0(X˜, ωkp) whose
restriction to Ui is Fr
∗(fi)η
kp
i .
Calculating on points, we see easily that for X˜, we have π2 ◦ s = Fr. Let h
denote the Hasse invariant of parallel weight p − 1. It can be defined as follows:
let U be an open subset of X over which ω is trivial, and let AU denote the
universal abelian scheme over U . Let η be a non vanishing section of ω on U ; it
can be thought of as a section of ΩAU/U . We let η
(p) denote the induced section
of Ω
A
(p)
U
/U
. Let Ver : A
(p)
U → AU be the Verschiebung morphism. Then, there is a
unique λ ∈ OX(U), such that Ver
∗η = λη(p). We define a section of ωp−1 on U via
hU,η := λη
p−1.
It is easy to see that there is a unique section of ωp−1 on X, denoted h, such that
h|U = hU,η for any choice of (U, η) as above. See [AG05, §7.11] for an equivalent
construction.
Proposition 3.1.4. We have V (f¯) = V (h)g¯ as sections of ωp
2
on X. Furthermore,
f¯ is divisible by h, and f¯/h is a mod p Hilbert modular form of parallel weight one
defined over κ.
Proof. Let U be an open subset of X over which ω is trivializable, and η a non-
vanishing section of ω over U . We claim that if h = ληp−1 on U , then
λs∗π∗2η = s
∗w∗pr∗π∗2η.
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Evaluating both sides at a point corresponding to A, we need to show that for the
natural projection
pr : A/Ker(FrobA)→ A/A[p] ∼= A,(3.1.1)
we have pr∗η = λη(p), which follows from the definition of the Hasse invariant, since
pr is the Verschiebung morphism of A.
Now, writing f¯ = Fηp and g¯ = Gηp on U , and using the above claim, over U ,
we can write
λps∗π∗2 f¯ = (s
∗π∗2F )(λ
ps∗π∗2η
p) = Fr∗(F )(s∗w∗pr∗π∗2η
p).
On the other hand, we have
λps∗w∗pr∗π∗2 g¯ = λ
p(s∗w∗π∗2G)(s
∗w∗pr∗π∗2η
p) = λpG(s∗w∗pr∗π∗2η
p).
At a point corresponding to an ordinary abelian variety A, the section s∗w∗pr∗π∗2η
specializes to pr ∗η, where pr is as in (3.1.1), and is, hence, non vanishing. Corollary
3.1.3 now implies that over X
ord
∩ U we have
Fr∗(F ) = λpG = Fr∗(λ)G,
the last equality because h is defined on a model of X over Fp. Running over a
trivializing open covering of X for ω, we conclude that V (f¯) = V (h)g¯ on X
ord
.
Since X
ord
is Zariski dense in X , it follows that
V (f¯) = V (h)g¯
as sections of ωp
2
over X.
Viewing F/λ as a function on the ordinary part of U , we need to show that it
extends to all of U . Since U is smooth over κ, it is enough to show that the Weil
divisor of F/λ is effective. But the coefficients appearing in that divisor are the
coefficients of the Weil divisor of G multiplied by p. Since G has an effective Weil
divisor, so does F/λ, and hence F is divisible by λ on U . Repeating this argument
over an open covering of X˜, we obtain that f¯ is divisible by h, and f¯/h is a mod
p Hilbert modular form of parallel weight one defined over κ, as required. 
We can now finish the proof of Theorem 3.1.1. The desired mod p Hilbert
modular form of parallel weight one h is f¯/h. Since h has q-expansion 1 at all
unramified cusps, it follows that h satisfies the desired assumptions. 
4. Serre’s Conjecture implies Artin’s Conjecture
4.1. In this final section we generalise the arguments of [Kha97] to show that for
a fixed totally real field F , the weak form of Serre’s conjecture for F implies the
strong form of Artin’s conjecture for two-dimensional totally odd representations
over F . To be precise, the weak version of Serre’s conjecture that we have in mind
is the following (cf. Conjecture 1.1 of [BDJ10], where it is described as a folklore
conjecture).
Conjecture 4.1.1. Suppose that ρ : GF → GL2(Fp) is continuous, irreducible and
totally odd. Then ρ ∼= ρf for some Hilbert modular eigenform f .
Meanwhile, we have the following strong form of Artin’s conjecture.
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Conjecture 4.1.2. Suppose that ρ : GF → GL2(C) is continuous, irreducible and
totally odd. Then ρ ∼= ρf for the some Hilbert modular eigenform f (necessarily of
parallel weight one).
In order to show that Conjecture 4.1.1 implies Conjecture 4.1.2, we follow the
proof of Proposition 1 of [Kha97], using Theorem 3.1.1 in place of the results of
Gross and Coleman–Voloch used in [Kha97]. The argument is slightly more involved
than in [Kha97], because we have to be careful to show that the p-distinguishedness
hypothesis in Theorem 3.1.1 is satisfied.
Theorem 4.1.3. Fix a totally real field F . Then Conjecture 4.1.1 implies Conjec-
ture 4.1.2.
Proof. Suppose that ρ : GF → GL2(C) is continuous, irreducible and totally odd.
Then ρ(GF ) is finite, so after conjugation we may assume that ρ : GF → GL2(OK),
where OK is the ring of integers in some number field K. We will show that there
are a fixed integer N and infinitely many rational primes p such that for each such
p, if ρp denotes the reduction of ρ mod p (or rather, modulo a prime of OK above p),
then ρp arises from the reduction mod p of the Galois representation associated to an
eigenform in S1(Γ1(N),C), the space of cuspidal Hilbert modular forms of parallel
weight one and level Γ1(N) over C. Since S1(Γ1(N),C) is finite-dimensional, there
are only finitely many such eigenforms, so we see that one eigenform f must work
for infinitely many p; but then it is easy to see that ρ ∼= ρf , as required.
Firstly, we claim that it suffices to prove that there is a fixed N and infinitely
many primes p such that ρ ∼= ρf for some eigenform f ∈ S1(Γ1(N),Fp) (using
the notation of Section 3). To see this, note that for all but finitely many primes
p, the finitely generated Z-module H1(X,ω) is p-torsion free, so that for all but
finitely many p the reduction map H0(X,ω) → H0(X,ω) is surjective, and the
Deligne–Serre lemma (Lemma 6.11 of [DS74]) allows us to lift from S1(Γ1(N),Fp)
to S1(Γ1(N),C).
We are thus reduced to showing that there are infinitely many primes p for which
ρp satisfies the hypotheses of Theorem 3.1.1. Firstly, note that there is at most one
prime p for which ρ|GF (ζp) is reducible, so if we exclude any such prime, as well as
the (finitely many) primes dividing #ρ(GF ), the primes which ramify in F , and
the primes less than 7, then ρp will satisfy the requirements of the first paragraph
of Theorem 3.1.1.
If we also exclude the finite many primes p for which ρ|GFv is ramified for some
v|p, we see that it is enough to show that there are infinitely many p such that for
all v|p, ρp(Frobv) has distinct eigenvalues.
In fact, we claim that it is enough to see that there are infinitely many p such
that for all v|p, ρ(Frobv) is not scalar. To see this, suppose that ρ(Frobv) is not
scalar, but ρp(Frobv) is scalar. Then it must be the case that the difference of the
eigenvalues of ρ(Frobv) is divisible by some prime above p. Now, there are only
finitely many non-scalar elements in ρ(GF ), and for each of these elements there are
only finitely many primes dividing the difference of their eigenvalues, so excluding
this finite set of primes gives the claim.
Let projρ be the projective representation projρ : GF → PGL2(C) obtained from
ρ. We must show that there are infinitely many primes p such that for each place
v|p of F , projρ(Frobv) 6= 1. Letting L = F
ker projρ
, we must show that there are
infinitely many primes p such that no place v|p of F splits completely in L. Let M
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be the normal closure of F over Q, and N the normal closure of L over Q. Since ρ
is totally odd, we see that M is totally real and N is totally imaginary. Consider a
complex conjugation c ∈ Gal (N/Q). By the Cebotarev density theorem there are
infinitely many primes p such that Frobp is conjugate to c in Gal (N/Q), and it is
easy to see that each such prime splits completely in M and thus in F , and that
no place v|p of F splits completely in L, as required. 
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